Abstract. Given certain semidiscrete and single step fully discrete Galerkin approximations to the solution of an initial-boundary value problem for a second-order hyperbolic equation, //' and L2 error estimates are obtained. These estimates are valid simultaneously when the approximation to the initial data is taken to be the projection onto the approximating space with respect to the inner product which induces the energy norm that is naturally associated with the problem. The L2-estimate is obtained as a by-product of the analysis of convergence in certain negative norms. Estimates are also obtained for the convergence of higher-order time derivatives in the presence of sufficiently smooth data.
1. Introduction. We consider the following initial-boundary value problem: Given a bounded domain 8cR" with smooth boundary 3ß, and 0 < t* < oo, a function u is sought such that (D2u(t, x) + Lu(t, x) = 0 for (t, x) e(0, /*] X fi, for x e Í2, all (£,, £2,..., £N) e Rn, a being some positive constant.
As in the paper [1] by Baker and Bramble on the approximation of (1.1), and the papers [2] , [5] , [6] , [9] on Galerkin schemes for parabolic equations, we shall discuss the well-posedness of (1.1) and the convergence of approximation schemes within the framework of the spaces /f(ß) c HsiSi), s > 0, and their duals. Thus, fl°(Q) = L2(fi), and TUNC GEVECI /f(ß) = {v G H'(Q): v = 0 and L^u = 0 on 3ß for/ < s/2) for j > 0. For s < 0, //J(ß) denotes the dual, with respect to the L2-inner product, of Hsiü). As shown in [6] For/ e L2(ß), 7/ e //2(ß) and can be represented as 0C j 77= Zri/.^H-One notes that, for/ e L2(ß), (1) (2) 11/11-, = (r/,/), *>o.
When r is considered to be a linear operator in L2(ß), it is selfadjoint and positive definite [4] , [9] , so that The Galerkin formulation of (1.1) that is relevant to the approximation schemes to be considered in this paper results from (£>,2u(.),(p) + a(u(t),<p) = 0 alltpe //'(ñ), with uit) e //'(ß). As in the paper by Baker and Bramble [1] , this may be cast as an evolution equation for U(t) e HX(Ü) X L2(ß) with D,U(t) e L2(ß) x ÍT'(fi);
' JD,Uit) + Uit) = 0, t > 0, (1.10) Hlt7(0lll-, = \\\UiO)\\\-p, fGR, where Uit) is the solution of (1.9). (1.10) easily follows from the representation (1.7). Nevertheless, we shall derive it in a way that will indicate to the reader the spirit in which we handle the Galerkin approximations. We first note that X = 77'(ß) X L2(ß) is provided with the inner product denoted
, and this inner product induces the energy norm ||| • |||0.
7, defined by (1.9'), is skew adjoint;
as is easily verified. In particular,
(1.12) iiJU,U))0 = 0, UeX.
Next, we observe that (1.13) IIII/IIL, = \\\J"U\\\o, p>l.
Indeed,
by the skew-adjointness of 7 ((1.11)), and j2p = i~iy\T" °v ; ^ o Tp so that \\\JpU\\\l = a(T"u, u) + (T"ù, ù) = (TP~xu, u) + (T'ü, u)
= iI"IIVd + iiùii-pNow, from ( 1.9) it follows that 7i,+ 1Z),t/(0+7''»7(0 = 0, and ({j»+xD,U(t), JpD,U(t)))n + ((J'U(t), JpD,U(t)))0 = 0.
Due to the skew-adjointness of 7 ((1.12)), the first term falls away, and we obtain and by (1.13) \ ¿lll/'I/(OIHo = 0, ll|i/(OIH-, = o, dV so that the conservation statement (1.10) holds forp > 1, as well as for Hi ■ |||0.
We shall now describe the semidiscrete Galerkin scheme that will be considered in this paper. Let 5^(ß) c 77'(ß) be a finite dimensional subspace with the approximation property (1.14) inf {||«-«pJo + %-«PJi}<CAlu||" K»7<r, and r > 2. and obtain optimal L2-estimates for uhit) -u(t), in [1] . In general it cannot be expected that energy estimates will be obtained with this choice of initial data. Thus, one may view the results of our paper as complementing those of [1] , within the spirit of Thomée's paper [9] on negative norm estimates for Galerkin approximations to the solutions of parabolic equations. The author is greatly indebted to the works of all three authors. Before we state our results more explicitly, we shall state the approximationtheoretic results that will be needed in the sequel. The background is available in the papers already referred to.
The following results are well known:
(1.28) \\v -Pxhv\\_p < ChP+q\\v\\q, -1 </> < r -2, 1 < ? < r.
(1.29) ||ü -PfoW-p < Chp + q\\v\\q, 0 </> < r,0 < q < r. for V G H\Q) X L2(ß), 0 < p < r -1. In Section 2 we shall discuss the convergence of semidiscrete approximations and prove the following: Theorem 1. // U0 g 77<?+1(ß) x /F(ß), Uh(0) = PhU0,for 0 < t < t*, WO) -Uhit)\\\-P ^ Cit*)hr+q-x\\\U0\\\q, 0<p<r-ltl<q<r.
In particular, one has the energy estimate \\\U(t) -Uh(t)\\\o ^ C(t*)hr-x\\\U0\\\r, and the L2-estimate
The reader will observe that these estimates are valid for the choice Uh(0) = [P°uQ, P°ù0Y if 5A(ß) satisfies the inverse property Mi < C*~1?J for all <ph g 5Är(ß).
In Section 3 we shall give estimates for fully discrete approximations corresponding to the class of rational approximations of the exponential labelled by Baker and Bramble [1] as Class f'-I. Imposing the appropriate stability condition, as in [1] , the reader may readily obtain the corresponding results for rational approximations of Class MI.
In Section 4 we shall give estimates for the convergence of higher-order time derivatives of semidiscrete approximations, parallel to the results in the paper [3] by Baker and Dougalis. In order to obtain estimates for |||£>/{7(i) -Z)/i/A(r)lll-/,, 0 < p 4: r -1, we choose i7A(0) = 7Aî+1As+1»7rj, s > 1. This is one of the choices considered by Baker and Dougalis. These authors had been aiming at L°° -estimates for (h(0 -uhit)), and made use of estimates for |||Z>/{7(0 -D/»7A(i)|||_i,A. We do not duplicate their effort in the direction of L°° -estimates and present our results concerning \\\D'Uit) -D'Uhit^\\-p, 0 < p < r -1, as results which are of interest in their own right. Neither do we attempt to utilize our estimates in order to obtain other results parallel to those obtained in [5] and [9] for parabolic problems.
2. Convergence Estimates for Semidiscrete Approximations. We are comparing the solution í/(í) of the evolution equation (1.9) and the solution Uhit) of the corresponding equation (1.17), with i/A(0) = PA»7(0). We shall first establish the energy estimate, then the estimates in the discrete negative norms, and combining these results we obtain the principal result of this section, stated as Theorem 1 in the Introduction. The energy estimate is of course classical [8] , but we still choose to include the proof, which is in Une with the overall approach of the paper, and which, in our opinion, has aesthetic appeal. Proposition 1. If Uit) is the solution of il.9), Uhit) is the solution of il.11) with Uhi0) = PhU0, and U0 g /7"+1(ß) X 77"(ß), (2.1) \\\Uit)-Uhit)\\\o4Cit*)hq-x\\\U0\\\q, l^q^r,04t4t*.
i As usual, C will denote a generic constant which may have a different meaning at different places.)
Proof. To begin with, the case q = 1 is trivial, since \\\Uit)\\\o = Hlt/oMo, and \\\Uhit)\\\o = lllPAi/0|||o < lllt/olllo, by (1.6), (1.21) and the fact that Ph is the projection with respect to ((•, -))0. Therefore we need to consider 2 < q < r. Writing • ) )0-inner product of (2.7) with Jf°D,Eh(t), and obtain (2.9) {{jr%Eh(t),
JPDtEh(t))\ + ((^Eh(t), JPD,Eh(t)))o = ((j£ah(t),jeDtEh(t)))o-
Since Jh(X) c Srh(ü) x L2(ß), and 7A is skew adjoint on Srh(ti) X L2(ß), the first term in (2.9) drops out, and we obtain (2.10) I |lll^A(OIHo -{iJMt), D,JlEh(t))\.
From (2.10) we obtain, in exactly the same way as in the proof of Proposition 1, sup \\\JPE"(t)\\\0 < C(t*) sup (1117^(01110 + 1117^^(01110 + ll|7//£A(0)|||o). 
7>A(0 = U -J)D?U(t) = U -J)A2U(t).
Making use of (1.37), III W)HI-M < C(|||(7 -Jh)A2U(t)\\Lp + h'\\\(J -7A)A2i/(Olllo).
By (1.32) |||(7 -7")A2Í7(0HU" < ChP+«-x\\\A2Uit)\\\q-2 = Ch"+q-x\\\Uit)\\\q= ChP+q'x\\\U0\\\q.
Again by (1.32) |||(7-7A)A2i/(Olllo<CA'-l|||»70|||(?.
We therefore have III D,ah(t)\W-p.h<ChP+i-x\\\U0\\\q.
As for III £A(0)|||_",,, \\\Eh(0)\W-P.H = UK/ -PnWW-p.h < C(|||(7 -Ph)U0\\\-p + A*|||(/ -Ph)U0\\\o)
4 ChP+o-WnlW,^ < chp+q-x\\\u0\\\q by (1.31) and (1.35), and the proposition has been established.
We can now immediately establish Theorem 1. Theorem 1. If »7(0 is the solution of (1.9), í7A(í) is the solution of (1.17) with UhiO) = PhU0, and Un G Hq+ '(0) X £»(Q), 0 < t < t*, |||f7(í)-í7A(OIII-^C(/*)'í/'+?",lllí/olll9. <></><#■-1,1 <$<!•.
Proof. By (1.38) \\\U(t) -Uh(t)\\\.p < C(\\\U(t) -14(0111-,.* + hP\\\U(t) -U"(t)\Wo) «P/,eSAr(fi).
estimates. Let us assume supp w0 c c fi, and supp u0 c c ß. Set Kf¡U0 = [K*u0, K*uQY, where K* is a smoothing operator (as considered for example, in [4] ) so that \\\K*hUn\\\\ < Ch~'\\\Un\\\o and \\\K*hUn -I/0lll-<r-i) < Chr'l\\\U0\\\0.
Then it is easily seen from our estimates that the choice Uh(0) = Ph(K%U0) leads to |||t/(f)-í/A(í)|||-(r_1)<CAr-2|||í/0|||o.
Thus for r > 2, we have convergence in the sense of distributions, to the solution, which is a solution also in the sense of distributions. As opposed to the parabolic case, where nonsmooth initial data is smoothed out at t > 0, in the hyperbolic case such a result is all one can expect (over all of ß) in the presence of nonsmooth data. iTh is positive definite on 5A(ß) [5] ), so that We shall consider rational functions riz) with the approximation property iTh is selfadjoint in L2(ß), and is positive definite on 5A(ñ) [5] ), so that one has (3.9) 5Ar(ß) X L2(ß) = (Kernel 7A) © (SA(ß) x 5Ar(ß)).
As in [1] , let (pj)jL\ denote the nonzero eigenvalues of Th, and let {\f/j)fLx be a corresponding sequence of eigenfunctions, orthonormal in L2(ß). Then, the se- We are now ready to prove Theorem 2.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Theorem 2. Assume U0 g (Hq+X(Q) x /7?(ß)) n (/7J+,(ß) x /7J(ß)). For 2 ^ q < r, 2 «; 5 < v + l,nk ^ t*, (3.14)
\\\W" -Uink)\\\o < CÍ/^ÍA'-'III^III, + k'-'lll^lll,)-
Proof. Due to Proposition 1, we need only prove that (3.15) \\\W -Uh(nk)\\\o < C{h"-l\\\U0\\\q + k°-x\\\Uj\s).
By (3.4) and (3.8) this amounts to proving (3.16) |||(r"(*A») -exp"(-*AA))PAl/0|||0 < C7(A*~MIII/ollU + k*~x\\\UQ\\\s).
We introduce the auxiliary function U^k), 4Chq-x-k-<s-X)\\\u0\\\q + \\\u0\\\s
by (1.32) and (3.12).
Combining (3.29), (3.32), (3.35), we obtain (3.21) and the theorem is established.
Having established the energy estimate for the fully discrete approximation, we shall consider it sufficient to give the following ||| • |||-p-estimates, 1 < p < r -1, which can be compared with the ||| • |||_i>A-estimate of Baker and Bramble [1] : Theorem 3. For 2 < »7 < r, 2 < j < p + 1, 1 < p < r -1, «&<**, (3.36) \\\W -U"ink)\\\-P¡h < C(f*)(A"+i-'|||»/0|||? + fc'-'lllC&M,-,), (3.37 ) \\\W" -Uhink)\\\-P < C(/*)(A'+'-'|||i70|||, + (**"> + fc'-2A')|||t70|||,_,), (3.38) \\\W -U"(nk)\\\-P < Cír'JÍA^'-'llll/olll, + k°-x\\\UQ\\\s). We then observe that which is Hamiltonian with energy {(y4t>,e)+||ö||o} [7] , and it is this structure that we have exploited in our discussion of our specific case. It might also be of interest to apply our approach to the nonhomogeneous equation 
